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Preface

Civil Service is considered as the most prestigious job in India and
it has become a preferred destination by all engineers. In order to
reach this estimable position every aspirant has to take arduous
journey of Civil Services Examination (CSE). Focused approach and
strong determination are the pre-requisites for this journey. Besides

this, a good book also comes in the list of essential commodity of

this odyssey. B. Singh (Fx. IES)

| feel extremely glad to launch the fourth edition of such a book which will not only make CSE plain

sailing, but also with 100% clarity in concepts.

MADE EASY team has prepared this book with utmost care and thorough study of all previous years
papers of CSE. The book aims to provide complete solution to all previous years questions with

accuracy.

I would like to acknowledge efforts of entire MADE EASY team who worked day and night to solve
previous years papers in a limited time frame and | hope this book will prove to be an essential tool
to succeed in competitive exams and my desire to serve student fraternity by providing best study

material and quality guidance will get accomplished.

With Best Wishes
B. Singh (Ex. IES)
CMD, MADE EASY Group
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Linear Algebra

1. Vector Space Over R and C

1.1 Prove that the set V of the vectors (x,, x,, x5, x,) in A* which satisfy the equations x, + x, + 2x; + x, =
0 and 2x, + 3x, - x, + x, = 0 is a subspace of R*. What is the dimension of this subspace. Find one of
its bases.

(2009 : 12 Marks)

Solution:

ILD for vertical reaction at A;

V= {(x;, x5, x5, x,) € R | Xy + X, + 2x5 + X,
= 0, 2x; + 3x, — x5 + x, = 0}
Then clearly (0, 0, 0, 0) € Vand so Vis non-empty.
Again let x = (x;, x,, x5, x,) € Vand y = (y,, ¥, s, ¥,) € V., Alsoleta, Be R.
Oox + By = (OUC1 + B)ﬁ: o, + BYQr Oxg + BY3a Ox, + By4) e R

Also, ox, + x, + 2x5 +x,) + By, + Vo + 2Y; + y,) =0

= ox + By satisfies x; + x, + 2x; +x, =0

Similarly o + Py satisfies 2nd equation as well.

ox + Py e V
Dimension of the Subspace :
Any element of Vis a solution to equation

X 0
11 2 1]x 0
[23—11})63 0
Xy 0

So, its dimension is same as rowspace of coefficient matrix, i.e., its rank.
Reducing it to row reduced echelon form

11 2 1 R, © Rp-2R, 11 2 1
—2 et
2 3 -1 1 01 -6 -

As it has two non-zero rows in row reduced form.
dim(v) = Rank of matrix = 2
Writing the equation as matrix

X 0
11 2 1 0
Yol _ or Ax = 0.
2 3 -1 1]|x 0
Xy 0
So, V= {x=(x,x,x;x,) € R4| Ax =0}
Clearly O = (0,0,0,0) e Vso Vis non-empty.
Let x = (xq, X0, X5, X,); Y= V4, Voo Vg V) € Vand o, Be R
Alox + by) = Alox) + A(By)
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= o(Ax) + B(Ay) =0+ B-0=0
. ox + Py e V
.. Vis a vector subspace.
Clearly, Vis the null space of the matrix

A1121
|12 8 -1 1

Reducing it to row reduced echelon form

11 2 1 R, Ry - 2R, 11 2 1
—t =
2 3 -1 1 01 -6 -1

dim (Row space (A)) = Number of non-zero rows
=2
By Rank-Nullity Theorem :
dim (Null space) + dim (Row space) = n=4
(Nullity) (Rank)
dim (null space) = 2
dim(Vv) = 2
For Finding Basis :
dim (null space) = 2
. No. of free variables
So, we fix 2 variables.
Taking x5 = 1, x, = O first.

I}
N
|
N
I}
N

X+ x, ==2|x;=-7 x=(-7,5.1,0)
2x;+3x, =1) x, =5
Taking x; =0, x, = 1
x-1+X2=_1 x1=_2
ox, +8x, =1 x, =1 =210

.. (=7,5,1,0)and (-2, 1,0, 1) are two elements of V. And since they are linearly independent (because of
choice of 3rd and 4th element) they form a basis.

1.2 Prove that set V of all 3 x 3 real symmetric matrices form a linear subspace of the space of all 3 x 3
real matrices. What is the dimension of this subspace? Find at least one of the bases for V.
(2009 : 20 Marks)

Solution:
Approach : Use definition of subspaces for first part. For the 2nd impose conditions due to symmetricity on
the matrix.
Let Vbe subset of all 3 x 3 symmetric matrix.
Then I, € Vso Vis not empty. Again, let A, Be V.
= A= AT
B = B (definition of symmetric)

anda, B e R.
Then (oA + BB)T = (0A)T+ (BB)T

= aAT+ BB = aA + BB
oA+ BBe V.

So, Vis a vector subspace of the space of all 3 x 3 real matrices over R.



Calculus

1. Function of a Real Variable

1.1

Suppose that ” is continuous on [1, 2] and that f has three zeros in the interval (1, 2). Show that
has at least one zero in the interval (1, 2).
(2009 : 12 Marks)

Solution:

1.2

Insight : This question uses the fact that continuity of any derivative of a function ensures continuity
and differentiability of lower order derivatives and the Rolle’s theorem.

" is continuous on [1, 2]

= f"is continuous and differentiable on [1, 2]

= fis continuous and differentiable on [1, 2]

fhas three zeros in (1, 2). Let them be x, x,, x; with x, <x, < x;.

Inflection Point
In the interval [x,, x,], applying Rolle’s theorem.
fis continuous on [x,, x,].
fis differentiable on (x,, x,).
f(x1) = f(xg) =0
= 3 &, €(x,x,) such that f(§) = 0 by Rolle’s theorem.

Similarly, applying Rolle’s theorem in interval [x,, x,], 3 &, € (x,,x3) such that f(E,) = 0.

As& <x,and &, >x, =&, <&,

Applying Rolle’s theoremon 7in (€, &,).

7 is continuous on [£,, &,].

7 is differentiable on (§,, &,) as " is continuous on that interval.

f€) = f(&,)=0
= Ine (&, &,) sothat (n) = 0 by Rolle’s theorem.
Also, (x;,x,) c(1,2) = ne(1,2)

If fis the derivative of some function defined on [a, b] prove that there exists a number n € [a, b]
such that

b
[fhat = )b~ a)

(2009 : 12 Marks)
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Solution:
Insight : This is the mean value theorem of integral calculus with the difference that f is not given as
continuous but as derivative of some function. We use 2nd Fundamental Theorem of Calculus.
fis derivative on some function
= fix) = Ax)on[a, b]
i.e., fix) has an anti-derivative F(x) defined on [a, b].
By 2nd Fundamental Theorem of Algebra, for any x,, x, € [a, b]

jf dx = Fx,) - Fx,)
Proof of 2nd Fundamental Theorem : Ax) is an anti-derivative of f(x).

Let Gx) = [f(x)dx wherex, & (a, b)
X1
Then G(x) is an anti-derivative.
As two anti-derivatives differ by a constant
Glx) = Flx)+ C

Glx,) = Fx,)+ C
and Tf(x) = G(x,)=0
= Fx)+C=0 = C=-FAx,)

Q
)
I
g
=
|
gy
=

x2
= [ f)dx = Fx,)-Ax,)

X1
Now, F'(x) = f(x) on [a, b] so F(x) is continuous on [a, b] as every differentiable function is continuous and
F(x) is differentiable on (a, b).

So by Mean Value Theorem, dne (a,b) such that

b_

= Hb)-Ha) = (b-a)fin)
b

= [fx)ax = (b-a)fn)

1.3 A twice differentiable function f(x) is such that {a) = 0 = f{b) and f(¢) > 0 for a < ¢ < b. Prove that
there is at least one point x, a < § < b, for which f(§) < 0.
(2010 : 12 Marks)

Solution:
Given fla) = f{(b) = 0 and c € (a, b) such that f(c) > O.
By Lagrange’s Mean Value Theorem (LMVT), 3 o € (a,c) and B € (c,b) :

_ f(b)-f
o) = —f(cc)_fa(a) and 7(B) = (;_C(C)
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Now let & € (o, B)
Ee (abjora<&<b
By Lagrange’s Mean Value Theorem (LMVT)
, f/ _ f/ o a c b
e - FB=F)
B-a
Using values in egn. (1), we get
f(b)-f(c) _f(c)-1(a)
, b-c c—-a
f? —
®) s
_fle) _ fe)
= re) = ———=2 [f(@) = f(b) = O]
B-a
flc) f(c)
b-c'c-a
= e = - _g C-8| c0asB>a, b>cc>a
-
.~ & such that (€) < 0, wherea<é& < b.
1.4 Show that a box (rectangular parallelopiped) of maximum volume V with prescribed surface areais a
cube.
(2010 : 20 Marks)
Solution:
Letx, y, zbe length of edges of given rectangular parallelopiped. Its surface area be S, volume be V. (x, y,
z#0).
o S = 2xy+2yz+ 2zx, V=xyz
Let A be the Lagrange’s multiplier (A 0)
So, f=xyz+ M2xy + 2yz+ 2xz—S)
. At extremum,
f=0 = yz+M2y+22)=0 (1)
fy =0 = x2+M2x+22)=0 ..(2)
f,=0 = xy+AM2y+2x)=0 ..(3)
Multiplying (1) by x and (2) by y and subtracting then, we get
xXyZ + M2xy + 2x2) —xyz— M2xy + 2yz) =0
= M2xz-2yz) = O
= 2xz-2yz = 0 (A#0)
= x=yasz#0 ..(4)
Similarly, multiplying (2) by y and (3) by z and subtracting, we get
xXyZ + M2xy + 2yz) —xyz—-M2yz + 2x2) = 0
= M2xy—-2xz) = 0O
= y=2z(x#0) ..(5)
. from (4) and (5), it can be concluded x = y = zwhich is a cube.
1.5 Let fbe a function defined on R such that {0) = -3 and f(x) < 5 for all values of x in R. How long

can f(2) possibly be?
(2011 : 10 Marks)



Analytic Geometry

1. Straight Lines

2 2
1.1 Aline is drawn through a variable point on the ellipse x—2+ );—2 =1, z= 0to meet fixed lines y = mx,
a
z=cand y=-mx, z=-c. Find the locus of the line.
(2009 : 12 Marks)

Solution:
Approach : Use general equation of line intersecting two lines given in planar form.
Given fixed lines are

y—-mx =0,z-¢c=0 ..(0)
y+mx =0,z+c=0 (i)

General equation of line intersecting both
(y=mx) + k(z-¢) = 0 =(y+ mx) + k(z+ ¢) -.(iii)

If it meets ellipse we eliminate k; and k,
Putting z = 0 in (iii)
y-mx-kc=0y+m+Kkc=0

_ y . _x _¢
—k,m+kym —(ki+ky,) 2m
—(ky +k ki -k
- .= (ks + 2)C.y:(1 2)C

om 2
Putting this in equation of ellipse
2,2 + 2
4m-a 4b
(k, + k,)?c?b? + (k, — ky)?c?a®nm?
Substituting k; and k, from (iii)

(mx—yH_mij C 2 (mx_yHm“yJ P = AR

z-c z+cC z-c z+ce

= [(mx - y)(z + ¢) = (Mx + Y)(z— ©)]2c?b? + [(mx — y)(z + C) + (Mx + y)(z— ©)’mPc?a® = 4a”bPmP(Z2 - ¢?)?
= [cmx — yz]? 2b? + [mxz — cy]PmPcPa? = a®bPmP(Z22 — ¢2)?

which is required locus.

=1
4220°P

1.2 Prove that two of the straight lines represented by the equation
L+bPy+exP+y =0
will be at right angles, if b + ¢ = -2.
(2012 : 12 Marks)

Solution:
The given equation is a homogeneous equation of third degree and hence it represents three straight lines
through the origin.
Let y = mx be any of these lines.
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y y., ¥y
Replacing = by minx® + bx?y + cxy? + )3 = 0 or 1+b=+c=—+7% =0, we get
X X X X

m+cm+bm+1=0 (1)
Let m,, m,, m, be its roots, then
my-mymy = —1
But, two of these lines, say with slopes, m, and m,, are at right angles,
then, mym, = —1
Thus, (-my) = 1ormy=1

But m, is a root of (i)

1+c+b+1=0
or b+c=-2
e . x—-a+d y-a z-a-d x-b+c y-b z-b-c
1.3 Verify if the lines —— = = and = = are coplanar. If
Y a-39 a o+d B-v B B+y P

yes, then find the equation of the plane in which they lie?
(2014 : 7 Marks)

Solution:
Two straight lines

are coplanar if
Yo=—x1 Yo=Y Lo-4
g by G | =0
&b by Co
And equation of plane containing them, is

X=X Y=Yy Z-4

Here, in our case,
(b-c)-(a-d) b-a b+c-(a+d)
o-90 o o+d

B-v p p+d

C1—>C1—CZ
CS_>CS_CZ

d-c b-a c-d
= | -9 o d |=0asC,=-C,

-y B Y
Hence, the given lines are coplanar.
The equation of the plane containing them, is
x—(a- -a z-(a+
of—é‘)d) yoc oc(+6d) = 0. Applying Ci= G-
B-v B Py oGt
x-y+d y-a z-y-d x=-2y+z y-a z-y-
-5 o S =0 = 0 o S =0asC,—» C, + C,
-Y p Y 0 p Y

= x-2y+z=20



Ordinary Differential
Equations

1. Formulation of Differential Equations

1.1 Find the differential equations of the family of circles in the xy-plane passing through (-1, 1) and

(1, 1).

(2009 : 20 Marks)

Solution:
Approach : First use conditions to get the general equation of such a circle. Then get the differential
equations.
General equation of circle in xy plane is
¥+ +2ax+2by+d=0 ..(i)
It passes through (-1, 1) and (1, 1)
= 2-2a+2b+d=0 = 4a=0

2+2a+2b+d=0 = d=—-2b+2)
.. General equation of circles passing through (-1, 1) and (1, 1) is
¥+ )P +2by-(2b+2) =0 -.(i)
where b is the single parameter.
Differentiating (i) with respect to x

2x+2yﬂ+2b% =0
dx dx

. gx _ X -X

dx b+y = b= @ddx_

Yy
Putting this in (ii)

Y —lo| -~ —y|+2| =0

A wax Y)Y T dyiax Y

2xy N 2x
dy/dx dy/dx

= XP-y’- +2y-2 =0

dy _ yo-x"-2y+2

dx 2x(1-y)
which is the required differential equation.
Alternatively : We can also use equation of circle x* + (y—1)? + A(y— 1) = 0 and proceed.

=

1.2 Find the curve for which the part of the tangent cut-off by the axes is bisected at the point of tangency.
(2014 : 10 Marks)

Solution:
Let equation of tangent line at point ‘P at
X-x _ay (i
Y-y = dx o
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Now, its point of intersection with co-ordinate axes are

Y
A
Aoy-2|. B(x—yﬂ,oj.
a dx P, y)
ax

Given : ‘P’ is mid point of AB.

X
ay B
x—yd—
So, X =
© >
ay X
= —-VyV— d = ——
= x ydx and y @
dx
a _ _x
= dx — y
= ydy + xax = 0O

Integrating, we get
¥ + y2 = Cwhichthe required curve.

1.8 Find the differential equation (DE) representing all the circles in the xy-plane.
(2017 : 10 Marks)

Solution:
Method | : General equation of circle
(x—al+(y-b2="r
Differentiating w.r.t. x,

2(x—a)+2(y—b)% =0
dx
ie., (x-a)+(y-by, =0 (i)
Differentiating again w.r.t. x
T+(y-by,+y2=0 (i)

Differentiating again w.r.t. x
(y_ b))/3 + V4o + 2)/1)/2 =0
ie. (y—b) = —SVye
Y3
Substituting it in (ii)

14| e Yot+y? =0
Y3

e, (1+¥5)ys=3yyys = 0

e, (1+¥7)ys = Byws
Method Il : Using curvature-formula (K).

1.4 Find the orthogonal trajectories of the family of circles passing the points (0, 2) and (0, -2).
(2020 : 10 Marks)

Solution:
Let equation of circle through (0, 2) and (0, —2) be:
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X2+ (P—4)+ = 0, A:Parameter (1)
Differentiating w.r.t. x, we get:
2x+2y(ﬂj+h =0 ..(2)
dx
From (1) and (2),
x% + 2 —4+[—2x—2y(%ﬂx =0
dx
y?—x° —4—2xy% =0 -(3)
dx
Replace dy by _% in (3), we get
dx ay
y? —x2—4+2xyﬂ =0
dx
(V2 -y | 2xydx-x"dy _
y? y?
4 x°
1-—|dy+|d|—]| =0
J [ sz / (VJ
2
y+—+— =¢C
y Yy
= x2+ Y2+ 4 = cy (required trajectory)

1.5 Find the orthogonal trajectories of the family of confocal conics

2 2
2x + 2y =la>b>0
as+A b +A
are constants and A is a parameter. Show that the given family of curves is self orthogonal.
[2021 : 10 marks]

Solution:
()
2 2
. Yy _ i
Given: 32+X+b2+7»_1 - (1)
Differentiating (i), e+ —22—2 _ 0
ifferentiating (i), —2~ >+ 2 55 =
ay
b2 }\’ 2 }\’ —_— =
o x(ba)y(a® )G = 0
dy 2, 2 dy)
Mx+y—| = -| bx+a°y—
or, (x ydx} ( * ydx
b2x+a2y(zy)
e | — o)
ay
x+y(dxj




Dynamics & Statics

1. Rectilinear Motion

1.1  One end of a light elastic string of natural length / and modulus of elasticity 2 mg is attached to a fixed
point O and the other end to a particle of mass m. The particle initially held at rest at O is bit fall. Find
the greatest extension of the string during motion and show that the particle will reach O again after

atime.
(n+2-tan™'2) /ﬁ
g

Solution: a
Let C be the equilibrium position of the body and BC = d.
In position of equilibrium

(2009 : 20 Marks)

mg = 2mg-% = d:é

When particle is dropped from A it free falls till B. 5 d
V2 = 0+ 2gxAB C}x

P

= VB = \[291 D

After Bthe tension in the string starts acting which is balanced at C. Beyond C the particles moves due to
its velocity till it comes to stop at D.
At any point P with CP = x.

d’x ad+x
m—-— = mg-(2m
e 9-(2mg) ;
= -2mg-—
2
= dx _ _2_Qx
ar? /

So, the body performs SHM with centre C.

Multiplying with 2% and integrating

dx 2 29 )
(dt) Tx +C

At B, VB = }29] L X = —é
29! = _2_gi+c = C= §gl
I 4 2
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2
ax 5 29 ) .
it = —qgl-—=
G = 5o ()
At D, ax _ o
ar
= )C2 = 212 = X = 7[

So greatest distance through which particle falls
AD = AB+ BC + CD

1+@_(3+J§)1
2 2 2
(1+/5)
2

= I+

Greatest extension

12
From (i), % = \/ZTig{%lz—xz}

where positive sign is taken as particle is moving in direction of increasing x.

s dx
V2g 5,2 2
4

If £, is time from Bto D

\/*451/2
29 a2 B

5112
= \/I[sirﬂL} = t,
29 NGIEA
\/I_E—sirﬂ—i} = \/Z[E+sini}
292 V51 \2gl2 b
/ _TC ,11
- LT
@ 3]
i
29
\/T

at

at

O —y

K 1
—+—=—tan"'2
2" }

1
2—g|:7t—tan 2:|
Time in falling from A to B.

1 5
—gt
292

Il
-~
U
,\)'\F
Il

|

.. Total time taken to come back to



Vector Analysis

1. Scalar and Vector Fields

1.1 Prove that the vectors @ = 3i + j — 2k, b =-i+ 3j + 4k, C = 4i - 2j — 6k can form the sides of a
triangle. Find the lengths of the medians of the triangle.
(2016 : 10 Marks)

Solution:
Here, we find that

b+G = (i + 3j + 4k) + (4i — 2j— 6K)
= 3i+ -2k
= 3
ie., b+¢ = 3

And also we notice that these three vectors are not collinear A
(components are not proportional). Hence, these form the sides of
atriangle. Let AX, BY and CZbe medians.

By triangle law of vector addition :

-

AX = A_B'+§<=é—§=%(5/—5j—14k)
‘/W - \/1(25+25+196)= 246 _ V246
4 4 2

JEE— =

57 - B_A'+W=—[C+g]=—%(7i—]'—8/%)

—

cz
=

1.2 If, a= sinef+oosef+9k, b= Cosez?—sine/A'—Bl?, C= 21?+3/A'—312 then find the values of the

&\'+A_z'=5+g = %(2i+4/+2k)

i+2j+k=V1+4+1 =6

derivative of the vector function a2x (bx &) w.rt. @ at 6 = g and 0 = .

(2023 : 10 marks)

Solution:
Given that, 3 = sin0i +cosoj + 0k
b = cos6i —sinoj -3k
¢ = 2/+3/-3k
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i Ji k
hx& = |cos® -sine -3
2 3 -3
= i(3sin B +9) + j(-6 + 3cosb) + k(3 cos O + 2 sin 6)
i Ji k
dx(bx3) = | sine cos )
3sin0+9 -6+ 3cosO 3coso +2sind
= i(3c0s20 + 2 siNB cosB + 6 6 -3 Bcos B) + (30 sin B + 96 — 3 sin B cos — 2 sin20)
+ K(—6 sin® + 3 sinB cosb — 3 sinB cosh — 9 coso)
= i(3c0s°0 + 2 sinB cosO — 30 cosh + 60) + j(— 2 sin%0 — 3 sinB cose + 30 sind +90)
+ K(-6 sinB — 9 cos0b)
%[é x(bxG)] = i[-6 sind cosd + 2 cos 20 — 3 cosd + 3 Bsind + 6];
+ j(-3 (-sin2 0 + c0s20) — 4 sind cosO + 3(6cosh + sin B) + 9
+ K(-6 cos 6 + 9 sin 0)
Y L T
= —, sin= = CosS— =
(i) At 0 5 5 1 and 5 0

. %[éx(Bxé)] (O+ +—+6)z+(3+0+3+9)/+(6><O+9)k
(3?“ )z+‘|5j+9k

(i) AtO=m

di. - .
%(ax(bxc)) — (0+2+3+6)i+(-3-31+9)+(6+0)k

= 11i+(6-3n)j + 6k

ate = n
I (ax(Bxd) = 11i+(6-3n)+ 6k
do J

2. Differentiation of a Vector Field of a Scalar Variable

2.1 For two vectors 3 and b given respectively by
5t%7 + 1 — t3%k

sinti — costf'

T
1}

and

o d s 2 d(- =
Determine : (i) E(a-b) and E(a X b)
(2009 : 10 Marks)

Solution :
= 5%+t -3k
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b = sin5t/-cost]
3.-b = 5 sin 5t tcos t (ci-i=1tetc,i-j=]-k=ki=0)
d, . d, ..o .
—(a-b) = —(bt°sinbt—tcost
dl‘(a ) dl‘( )
= 5(2tsin 5t + -5 cos 51) — (1-cos t—tsin 1)
= 10tsin 5t + 25 cos 5t—cos t+ tsin t
i j k
Gxb = | 5t° t -
sinbt -cost O
= {(0-t3cost)+ (-3 sin5t — 0) + k(=5t° cost — t sin5t)
= —t3costi - 3 sin5t — (52 cost + tsin5t)k
%(éxB) = (-3t?cost+t®sint)i — (3t°sin5t +5t° cost)] —
(10tcost — 5t° sint + tcos 5t + 1-sin5t)k
2.2 If
A = xPyzi - 2x7%] + xz%k
B = 22;+yf—x2E
2 - —
find the value of AxB) at (1,0, -2).
i valu axay( ) at ( )
(2012 : 12 Marks)
Solution:
Given :
A = XPyzi —-2x2°] + x2°k
B = 2zi +yj —-x°k
i j K
AxB = |x%yz -2xz° x2°
2z y —x?
= 7(2x%2° —xyz?) + [ (2xZ° + x*y2) + K(x°yPz + 4x2")
i(,‘q’x B) = i(-x2%)+](x"2) +k(2x?yz2)
ay
0° B 2\, .3 7
= B) = i(- '
oxdy ) = i(=2°)+j(4x°2) + k(4xyz)
- At(1,0,-2)
2 —
I _(ixB) = -47-8]
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